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A Unified Framework for Computer-Aided
Noise Analysis of Linear and Nonlinear
Microwave Circuits

Stefan Heinen, Jiirgen Kunisch, and Ingo Wolff, Fellow, IEEE

Abstract —This paper introduces a new unified theoretical
concept for noise analysis in analog and microwave circuits.
Based on the adjoint system approach an analysis technique for
general purpese CAD-applications is presented. The algorithm
is easy to be implemented into existing CAD-tools. Moreover, it
expleits the advantages of sparse matrix techniques.

I. INTRODUCTION

OISE analysis of analog circuits has been a major

research topic for the last 50 years. The theories
developed up to now mainly deal with the analysis of
twoport circuits based on correlation matrices to achieve
a complete characterization of the noise behavior of the
circuit. Basically, the analysis is carried out by rebuilding
the circuit by twoport interconnections, where the signal
transfer and correlation matrices are calculated step by
step [1]. This technique tends to get very complicated if
the circuit is large. It seems to be nearly impossible to
handle e.g., a complete operational amplifier in this way.
In the early seventies a new technique for large circuits
with uncorrelated noise sources was introduced in [2],
which is restricted to the computation of noise voltages.
However, considering e.g., a microwave amplifier, this
algorithm cannot give a complete description of the noise
behavior in terms of the four twoport noise parameters.
In [3] the theory of correlation matrices for twoport
networks is expanded to n-port networks. This generaliza-
tion leads to a nodal based noise analysis, which can
handle arbitrary linear circuits. However, in an implemen-
tation of this method the inversion of the complete nodal
admittance matrix should be avoided, by the reduction of
network equations [4] using sparse matrix methods. An-
other approach for general purpose noise analysis is based
on noisc power waves [5] and specially in combination
with the connection scattering matrix [6], [7]. The basic
ideas of our work are also applicable in the latter ap-
proach, which eliminates the need of the inversion of the
large connection scattering matrix. But this will be a part
of future work.
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In the area of nonlinear circuits, noise analysis has
been restricted to a few specialized circuits up to now.
Only in [8] an algorithm based on a piecewise harmonic
balance technique and the noise description by n-port
correlation matrices is discussed. In the authors opinion
the implementation of the circuit partitioning concept
used in the piecewise harmonic balance technique is more
complicated then the implementation of the nodal har-
monic balance. Nevertheless, both methods have their
advantages and restrictions, which are discussed in [9]. In
general the choice between these two methods will de-
pend on the ratio between the number of nodes con-
nected to nonlinear elements and the total number. The
piecewise HB is preferable for a small ratio and the nodal
HB for a large ratio. Therefore the application of both
methods to nonlinear microwave circuits has been re-
ported in the literature, e.g., [10}, [11]. Especially the
nodal harmonic balance is in the scope of this paper,
because no general noise analysis algorithm which is
compatible to this technique has been presented up to
today.

The work described here combines the advantages of
the techniques used in [1], [3], [2], [8] to a unified theoreti-
cal framework. This yiclds an algorithm, which can handle
circuits of arbitrary topologies. Moreover, it can easily be
implemented into existing simulators, which utilize the
modified nodal analysis, e.g., the ac-analysis in SPICE,
mainly because only a modified forward and backward
substitution procedure is required plus a description of
the noise current sources of the devices.

II. TeE LINEAR CASE

For the sake of generality, the algorithm will be de-
scribed for circuits which are subject to a modified nodal
analysis. Moreover, the technique will be discussed for
linear circuits first. This means no restriction because the
application to nonlinear circuits is straightforward.

The aim of noise analysis is to replace the circuit’s
internal noise sources, which may or may not be corre-
lated, by a set of equivalent correlated noise sources at
the ports of the circuit. In Fig. 1 the commonly used noise
equivalent circuits for the twoport case are given, to-
gether with the corresponding correlation matrix descrip-

0018-9480,/91$01.00 ©1991 IEEE



HEINEN et al.: UNIFIED FRAMEWORK FOR COMPUTER-AIDED NOISE ANALYSIS

Noise equivalent circuit n-port correlation matrix
4
A _ U AsT TAST
A o | ot= (%) o
— Il P o P
” | noiseless
Uty UZ; = (Ufp, . Uf/e,p)T
network T A A ar
o I,= (II,P: t »Iy./z,p)
chain representation
72 . v CY — (TLTET
SHE noiseless ul (LT
network L=p L)
admittance representation
0—@— ) C% = (UZUZ+T
“’Ulzp noiseless | Tz (URUE™)
’ i U= (Ufp,- -, UL
network '
O__J —o0 impedance representation
Fig. 1. Noise equivalent twoport circuits and correlation matrix de-

scription for the n-port case.

tion for the n-port case. The equivalent noise voltages or
currents for the case of an impedance or admittance
representation can be measured in a simulation as the
open circuit noise voltage or the short circuit noise cur-
rent, respectively, due to the internal noise sources of the
network at the ports, as shown in Fig. 2.

In both cases all quantities are derived from a single
analysis; therefore it is possible to keep track of the
correlation of internal sources, as it will be shown later.
The measurement of the chain representation of the
noise equivalent sources would require two different load
conditions at the ports, which requires two independent
circuit analyses. This results in the problem that the
correlation of the noise sources cannot be accounted for.
Due to this only the admittance and impedance represen-
tation of the noise equivalent sources are subject to the
nodal based noise analysis technique presented in this
paper. This does not mean that only one kind of internal
noise sources, either current or voltage sources, are con-
sidered.

The problem of noise analysis of a network can be
treated in a more general way by considering the circuit
as a general linear system. The currents and /or voltages
of the internal noise sources are considered as input
variables, where the voltages or the currents of the equiv-
alent port noise sources are considered as output vari-
ables. From this point of view the problem is just the
calculation of a set of transfer functions from the input
towards the output, as indicated in Fig. 3. The approach
presented in this paper utilizes the adjoint system method
for the calculation of the required transfer functions. The
adjoint system method was introduced by [2] in the early
seventies concentrating on an adjoint network interpreta-
tion. Therefore the mathematical representation of the
adjoint system has been interpreted as a network, which
reduces the flexibility of its use. More recent publications
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[12], [13] lead to the adjoint system method, which is
basically a mathematical method.

For the explanation of our nodal noise analysis tech-
nique we consider first a network with only one internal
noisy device. The noise behavior of this device may be
characterized by a set of m correlated noise current and
voltage sources, which yields

T
Wd=(117127'”’Il’Ul+17'”’Um) (1)
the vector of the device’s noise sources and
C=(WweT) (2)

the correlation matrix of these sources. From the system
point of view, the vector W¢ represents the input vari-
ables W, as shown in Fig. 3. The set of output variables
are the currents or voltages of the equivalent port noise
sources, which yields depending on the required repre-
sentation

(U127U227' ) '7UZ)T

n

(I1Y: Iy, - -,I,lY)T

impedance representation
n

admittance representation
(3)
the vector of equivalent port noise current or voltage
sources, respectively. Defining the matrix of the transfer
functions
T"=[Tj] i=1,n j=1,m, (4)
the relation between the internal and the equivalent noise
sources is given by
X"=TWwe. (5)
Under the assumption that the correlation matrix of de-
vice’s noise sources (2) is known from an appropriate
device model, as well as the matrix of transfer functions,
the correlation matrix of the equivalent port noise sources
can be calculated as

C" = < X" Xn*T>

— <(Tan)(Tan)*T>

— <(and) ( Wd*TTn*T)>

— Tn<wdwd*T>Tn*T

=T"CéT™T. (6)
The correlation matrix C” calculated from (6) may be an
impedance or admittance representation, depending on
the required equivalent circuit. The remaining problem of
the nodal noise analysis is the calculation of the elements
of the transfer function matrix, which can be solved by
treating the transfer functions as sensitivities. Therefore
the solution of this problem is the adjoint system method.

Considering a linear circuit, the modified nodal equa-
tions are given by

Y, AT || U, 1,
T - ? (7)
A" Z,|| 1, U,
which has the form
X =W. (8)
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Fig. 2. Circuit configuration for measurement of the values of noise equivalent sources.
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Fig. 3. System interpretation of noise analysis.

Under the assumption, that the required output variables
X! (3) can be expressed as a linear combination of the
elements i’ and i of the solution of (8), i.e.,

th=(etr—elu)X=leX, (9)
the resulting adjoint system
T7X,=d,, (10)

can be solved for the adjoint vector X,. The contribution
of an internal source W, to the equivalent noise source at
port  is then given by

X, =TW, (11)

where

n_ vl _
T‘t]_Xl (ejl ejn

(12)

is the transfer function from the internal source W, to the
output X, . The port correlation matrix is calculated using
(6).

In the above explanation only one noisy device with any
number of correlated noise current or voltage sources has
been considered. If there are two or more noisy devices,
which are normally not correlated, the port correlation is

given by
Cport = Z Cln ?

devices

(13)

where €' denotes the contribution of a single device
calculated by (6). If there is a correlation between the
noise behavior of two devices, they should be treated as a
single device.

In a simulation software the outlined algorithm will be
integrated in the circuit simulation. Therefore the LU-
factorized MNA matrix T is available from the actual
signal analysis. Due to this, the algorithm requires only
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Fig. 4. Noise equivalent circuit including loads.

one additional modified forward and backward substitu-
tion for each port or output variable, respectively to solve
the adjoint system (10). Moreover this is the reason why
the calculation of the impedance representation of the
noise correlation matrix is preferred [14]. The admittance
representation would require short circuits at the external
ports, which results in a modified circuit and therefore in
a completely new analysis.

Typically the internal analysis of CAD-programs will
terminate the ports with the ports own reference resis-
tance to calculate the signal behavior, e.g., scattering-
parameters. This causes some problems in the noise anal-
ysis. To overcome this problem, the n-port is augmented
by the reference impedances and the noise analysis car-
ried out using the equivalent circuit in Fig. 4.

The resulting impedance representation of the n-port’s
noise correlation matrix is transformed into the corre-
sponding admittance representation by using the n-port
admittance matrix of the circuit in the dashed box as
transform matrix according to [3]. If the loads are consid-
ered as noise free this admittance representation de-
scribes the noise behavior directly. Otherwise it has to be
corrected by subtracting the contribution of the loads. All
required results of the noise analysis ¢.g., the noise or the
minimum noise figure can be calculated from this admit-
tance representation of the noise correlation matrix. A
detailed and gencral discussion of n-port noise character-
ization by correlation matrices has been given by Russer
in 1976 [3] and 1990 [4], respectively. This topic is also
discussed in [15].

For verification and comparison purposes, the de-
scribed algorithm and the nodal based technique given in
[3] were implemented, using standard algorithms for ma-
trix inversion and factorization.
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Fig. 5. Comparison of computation times.

In Fig. 5 the computation times for test circuits, with
two ports and n nodes are given. The circuits are MES-
FET equivalent circuits starting from a very simple one
with two nodes and finishing with a complete one with ten
nodes for microwave applications. The comparison of the
computation times depends strongly on the implementa-
tion and the used computer. However, our algorithm
exhibits the better performance and it’s gain in computa-
tion time grows with the number of nodes. As a result of
the MMIC-technology, the complexity of microwave cir-
cuits grows and new CAD-techniques are needed, which
can handle large circuits. The presented algorithm com-
bined with an appropriate sparse matrix method may be
able to handle circuits with even hundreds of nodes.

III. Tue NoNLINEAR CASE

In this section the generalization of adjoint nodal noise
analysis (ANNA) for nonlinear circuits under large
signal-steady state operation is discussed. It will be shown
that the ANNA-method is applicable for nonlinear cir-
cuits in combination with the harmonic balance method,
as mentioned before. )

Due to its nature noise is a small signal, which does not
disturb the large signal steady state of the circuit. This is
the base for noise analysis in nonlinear circuits as com-
monly used in [16], [17]. Typically a special mixer configu-
ration is treated by considering a dominant LO-signal,
resulting in a time-varying equivalent circuit, which is
used to calculate the small signal mixing products as well
as the noise behavior. This means a linearized description
of the nonlinear circuit’s transfer properties is used.

Today the analysis of nonlinear circuits in the fre-
quency domain is commonly done using the harmonic
balance method [10] in combination with the Newton—

Raphson algorithm using an exact analytical formulation °

of the Jacobian matrix [11]. To outline our noise analysis
we use a complex nodal formulation of the HB-equations
for the sake of simplicity

F(U)=I(U)+j0QU)+YU+1,.  (14)
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Equation (14) describes the harmonic balance error in the
frequency domain. For detailed discussion of this formu-
lation refer to [17]. Nevertheless an equivalent real formu-
lation or modified nodal formulation may be used to
reduce the computational efforts or to include eg. inde-
pendent and controlled voltage sources, respectively. If a
solution of the nonlinear equation system is found using
the Newton—Raphson method, the state vector U, yields

F(U)yey, =0. (15)

Assuming in this state an additional excitation of the
circuit by some kind of small-signal current sources (either
noise or signal sources), represented by the vector 1
results in a new state vector

U=UO+IJH7 (]6)

qn

as a solution of

F(U)|U=U0+Un+lqn:0~ (]7)

Expanding the nonlinear function F into a Taylor series
around the state U, gives

IF(U)

F(U)ly-y, + ——
(0)lo-v, v  |v-u,

_
=0

Uu,+1,=0, (18)

resulting in
IF(U)
W |v=

The above equations describe the transfer properties of
a small-signal in the nonlinear circuit under large signal
steady state operation; it exhibits the same structure as
(8) and is also a system of linear equations. The basic
difference is the fact that it describes the properties of
the circuit for the set of frequencies considered in the
HB-analysis and not only for a single frequency. More-
over (19) shows that the Jacobian of the final step of
harmonic-Newton iteration may be used in the ANNA,
depending on the actual implementation. This means the
difference between the state for which the Jacobian has
been assembled and factorized and the final state must be
sufficiently small. The algorithm is the same as in the
linear case. It should be noted that the noise sources of
active devices are modulated due to the large signal
steady state of the circuit. This means that the noise
components of the different frequencies are correlated.
Therefore a basic problem is the calculation of the corre-
lation between the device’s noise sources at the different
frequencies. A lot of work in this area has been done for
diodes in resistive mixers [16], [18]. For the GaAs MES-
FET a first approach is given in [8], introducing modula-
tion functions for the internal noise sources. On the base
of [8], the modulated noise sources of the FET can be
expressed as

UUn=J(U)IU=U0Un=_an' (]9)
0

(ig(t) _ (hg(t) 0 )(igdc(t,Udc) 20)
i4() 0 hy(t) \iga(t,Us) )
where i,4.(t,U,.) and i,4.(¢,Uy.) are the noise currents

for the dc components U, of the steady state U,. The
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correlation matrix between these sources is given by

w?C?
LR ~jwC,PRC
CY(w) =4KTAf|  &m (21)
joCVPRC gmP

and the modulation functions are

Cg(u(t)) gm(Udc) R(u(t))
' = W0 Vo)) Ry P
[ anUa) P(a(D)
”d(’)‘\/gmw(z)) P(U) ()

where a detailed explanation of the parameters used is
given in [8]. The transformation of (20) into the frequency
domain using the conversion matrix formulation yields

Id: HIdc(Udc)' (24)

In the linear case the noise behavior of a FET is de-
scribed by two correlated sources, transformed in the
nounlinear case into 2H correlated sources according to
(24). The correlation matrix C}. of the vector of unmodu-
lated sources [I,.(U,.) has only diagonal submatrices,
holding he components of (21) at the frequencies of
interest. The correlation matrix C¢ of the modulated
sources is given similar to (6) by

C‘=HCIH*". (25)

The noisy nonlinear FET model requires the quantities
R, P, and C to be only a function of the time domain
steady state u(¢). Especially these quantities must not be
a function of frequency. A first step in verification of this
assumption is the extraction of R, P, and C from small-
signal scattering parameters and noise characterization of
a GaAs-MESFET. For this purpose the ANNA was uti-
lized to calculate the correlation matrix of FET’s gate and
drain noise source from the known correlation matrix of
the equivalent port noise sources. The results shows a
little frequency dependence, which was eliminated by
averaging over the frequency range. In the Figs. 6-9 a
comparison between the measured and the computed
noise parameter of an inhouse MESFET are given. It is
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worth noting that the deviation of the computed results is
within the measurement accuracy. Therefore it seems to
be reasonable for linear CAD-application to characterize
the noise behavior of a MESFET only by the three
quantities R, P, and C. Moreover the assumption used in
the noisy FET model may be justified.

Finally it should be noted that there are some require-
ments concerning the accuracy of the Jacobian. In the
harmonic-Newton algorithm an inexact Jacobian normally
has no direct influence on the accuracy of the nonlinear
system’s solution. In the ANNA-algorithm errors in the
Jacobian are a source of inaccuracy, especially in the
analysis of mixer circuits, where a multitone harmonic
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balance is required. In this case a Jacobian calculated
using the almost-periodic Fourier-transform (APFT) [19]
method does not exhibit the required accuracy, due to the
limited dynamic range of the APFT method [20]. This
potential source of error may be avoided by assembling
the Jacobian from the Fourier-coefficients calculated us-
ing a multidimensional FFT as shown in [10].

IV. ConcLusioN

An algorithm for the nodal based noise analysis of
linear and nonlinear analog circuits has been presented.
The method eliminates the need of high dimensional
matrix inversions, which occurrs in conventional noise
analysis algorithms in the case of large scale circuits or
nonlincar circuits. Moreover, there are a lot of potential
applications for the adjoint nodal noise analysis in the
area of noise parameter extraction for a noisy nonlinear
FET model [10], where the noise parameters R, P,.and C

of the intrinsic FET are needed. In this paper we cannot.

touch all the properties of the presented noise analysis
technique, but the method is not limited to the presented
applications. In future the ANNA may be utilized in
general purpose CAD-tools for nonlinear circuits, cover-
ing autonomous as well as autonomous circuits, due to its
flexibility, computational efficiency, ease of implementa-
tion and the compatibility to existing nodal based har-
monic balance methods. In the authors’ opinion the noise
analysis algorithm based on the adjoint system concept
will be a key technique in the development of nonlinear
noisy models of MESFET’s, HEMT’s, and HBT’s, be-
cause today there is only very little known about these
kind of models.
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